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Outline

1. Review of MINLP methods

2. Overview GDP and relaxations for nonlinear
problems (big-M and hull relaxation)

3. Convex nonlinear GDP: hierarchy of relaxations
Concept of basic steps
Equivalent NLP formulation

4. Application to global Optimization of nonconvex GDP
Bilinear, concave and linear fractional functions

5. Algorithm reformulating GDP to MI(N)LP using basic steps
Convex linear/nonlinear GDP
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MINLP =

e Mixed-Integer Nonlinear Programming

minZ = f(X,Yy) Objective Function
S.t. g(x, y) <0 Inequality Constraints
XeX,yeY

X ={x|xeR", X" <x<x",Bx<h}
Y ={ylye{01}", Ay<a}

+ f(x,y) and g(x,y) - assumed to be convex and bounded over X.
+ f(x,y) and g(x,y) commonly linear iny

Carnegie Mellon
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1 Solution Algorithms

+*Branch and Bound method (BB)

Ravindran and Gupta (1985) Leyffer and Fletcher (2001)
Branch and cut: Stubbs and Mehrotra (1999)

+(Generalized Benders Decomposition (GBD)
Geoffrion (1972)

+Quter-Approximation (OA)
Duran & Grossmann (1986), Yuan et al. (1988), Fletcher & Leyffer (1994)

+|_ P/NLP based Branch and Bound

Quesada and Grossmann (1992)

+Extended Cutting Plane (ECP)
Westerlund and Pettersson (1995)

Carnegie Mellon
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Eﬁgg Basic NLP subproblems et

a) NLP Relaxation Lower bound
minZ =1 (x,y)
st. 9;(x,y)<0 jel
xeX,yeYq (NLP1)
Vi <o felf

K K
iz B tely

b) NLP  Fixed yKUpper bound
minZ5=f(x,y")
st. 9;(x,y*)<0 jel
Xe X

(NLP2)

c) Feasibility subproblem for fixed yK.
minu
st. g;(xy“)<u jel

Xxe X, ueR? (NLPF)

Carnegie Mellon Infinity-norm
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Cutting plane MILP master

(Duran and Grossmann, 1986)

CENTER

Based on solution of K subproblems (xK, yK) k=1,...K

Lower Bound
M-MIP

min Z =«

. k
st o > f(x*,y)+V (xk,yk)T[X X }

. k
g i/ > k=1..K
gj(Xk,yk)+ng(Xk,yk)T{X_Xk}g0 jeld
y-y
Xe X,yeY
Notes:

a) Point (xK, yK) k=1,...K normally from NLP2
b) Linearizations accumulated as iterations K increase

¢) Non-decreasing sequence lower bounds
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Branch and Bound

NLP1: min ZEB =f(X,Y)
Tree Enumeration st. g;(x,y) <0 Jel
O\ Xxe X, YyeYg
O Vi <a ielfy

K - 1k
Vi 2B 1elgy

Successive solution of NLP1 subproblems

Advantage:
Tight formulation may require one NLP1 (Ir .=lFu=2)

Disadvantage:
Potentially many NLP subproblems

Convergence global optimum:
Uniqueness solution NLP1 (sufficient condition)

Less stringent than other methods

CENTER



e Outer-Approximation
[(-._fqmm ERING Alternate solution of NLP and MIP problems: CENTER

»| NLP2[  upper bound

|

Y

M-MIP Lower bound

\

NLP2: minZ=f(x,y*)
st. 9;(x,y)<0 jel
xe X
. K _
M-MIp; ™AL

X—Xk

st oa > f(x5,y)+VE(K, y9)T ‘
y—y

— K KNT X—Xk . K

g; (X, ¥y )+Vg; (X, y") - <0 jel

xeX, yeY

Property. Trivially converges in one iteration if f(x,y) and g(x,y) are linear

- If infeasible NLP solution of feasibility NLP-F required to
guarantee convergence.
Carnegie Mellon
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Generalized Benders Decomposition

Benders (1962), Geoffrion (1972)

Particular case of Outer-Approximation as applied to (P1)

1. Consider Outer-Approximation at (xk, yk)
K

21t ety [0

-y

1)
3
g (X yM) + Vg, (Xk’yk)T{X—xk] <0 jel

y=y

2. Obtain linear combination of (1) using Karush-Kuhn-
Tucker multipliers ¢ and eliminating x variables

a>f (XKy9) + V. f (Xk,yk)T(y—yk)} )

+ (g 6Ky + v,9 (K y) Ty
Lagrangian cut

Remark. Cut for infeasible subproblems can be derived in

a similar way.
(9" g () + 7,0 (39 hy9)] <0

CENTER
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Generalized Benders Decomposition ils

s
I I Alternate solution of NLP and MIP problems: cimeu
ENGINI 1T

A NLP2 Upper bound

M-GBD Lower bound

NLP2: minZ%=f(x,y")
st. g;(x,y)<0 jel
Xxe X

min 2 = «a
M-GBD st a > f(inyk)‘i‘Vyf(Xk,yk)T(y_yk)
+(ﬂk)T [g(xk,yk)+vyg (Xkayk)T(y—yk):| K € KES
(’IK)T[Q(XK:VK)Wyg (xk,yk)T(y—y")J <0 keKIS

yevy, aeR!

Property 1. If problem (P1) has zero integrality gap,
Generalized Benders Decomposition converges in 0ne  sahinidis, Grossmann (1991)

iteration when optimal (xK, yK) are found.
=> Also applies to Outer-Approximation

Carnegie Mellon .
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Extended Cutting Plane

Westerlund and Pettersson (1995

»| Evaluate

Y

M-MIP'

—

No NLP'!

Add linearization most violated constraint to M-MIP

J*={jearg{maxg;(x",y")}

Remarks.

- Can also add full set of linearizations for M-MIP

- Successive M-MIP's produce non-decreasing sequence

lower bounds

- Simultaneously optimize xk, yK with M-MIP

= > Convergence may be slow

CENTER
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LP/NLP Based Branch and Bound (Branch & Cut)

Quesada and Grossmann (1992)

Integrate NLP and M-MIP problems

M-MIP NLP2

M-MIP
LP1

LP2
LP3

LP4 LP5 => Integer

Solve NLP and update
bounds open nodes

Remark.
Fewer number branch and bound nodes for LP subproblems

May increase number of NLP subproblems

CENTER
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Numerical Example

min Z =y1 + 1.5y2 + 0.5y3 + x12 + x92
st. (x1-2)2-x2<0
X1-2y120
X1 -X%2-4(1-y2) <0
X1-(1-y1)>0
X2 -y2 >0 (MIP-EX)
X1 +X2 >3y3
yrt+y2+y3>1
0<x1<4, 0<xp<4
y1.y2,y3=0,1

Optimum solution: yq=0,y2=1,y3=0,x1=1,Xx2=1,Z=35.

Carnegie Mellon y
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Starting point yq;=yy=y3=1. CENTER

Objective function
tof Upper bound
[ GBD
s PRGN
f Sy
of tower T
[ bound [ reeemeesmereess= [} Lower bound
sf OA . GBD
-10
[ 4
-15 1 3
—E0 | '_..-'
O
: : : Tterations
1 ] 5
Summary of Computational Results
Method Subproblems Master problems (LP's solved)
BB 5 (NLPI1)
OA 3 (NLP2) 3 (M-MIP) (19 LP's)
GBD 4 (NLP2) 4 (M-GBD) (10 LP's)
ECP - 5 (M-MIP) (18 LP's)
Carnegie Mellon
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CHED
Eﬁgg Example: Process Network with Fixed Charges j{/\f

e Duran and Grossmann (1986)
+ Network superstructure

X
14
X19 X20
> 6 >
X5 X3
> 1 S
X1 X10 Xi3 | E
A — > 4 >
X, Xg | Xqq X21 Xoo | Xo3 | X24
o 2 " > » > F
B X25
X15 c X6 | X17 . X1g
> » »
X6 3 “ — D
C
X X
8 9
o 3
v Xlo
\ 4
X7
Carnegie Mellon
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rlif:l}i. i Examp I € (Duran and Grossmann, 1986) cenreR

Algebraic MINLP: linear iny, convex in X

8 0-1 variables, 25 continuous, 31 constraints (5 nonlinear)
NLP MIP

Branch and Bound (F-L) 20 :

Outer-Approximation: 3 3
Generalized-Benders 10 10

Extended Cutting Plane : 15

LP/NLP based 3 7 LP'svs 13 LP's OA

Carnegie Mellon ,
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ﬁa‘:’r‘i‘é 1. NLP supbroblems may have local optima
2.  MILP master may cut-off global optimum

A

A Multiple minima Cut off!

s Global optimum

/

0 1

LSS Y

Objective
7
7
2
2
2
2

v

v

Handling of Nonconvexities

1. Rigorous approach (global optimization):
Replace nonconvex terms by underestimtors/convex envelopes
Solve convex MINLP within spatial branch and bound

2. Heuristic approach:
Add slacks to linearizations
Search until no imprvement in NLP

Carnegie Mellon

Effects of Nonconvexities d{?\g
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ﬁf— | Handling nonlinear equations ﬁ%
Eh‘fr?ll: h(xy) = 0

1. Inbranch and bound no special provision-simply add to NLPs
2. In GBD no special provision- cancels in Lagrangian cut

3. In OA equality relaxation
k
X—X
Tth(xk,y")T{ k}so
y-y
(1if 2" >0

T =[t], t'=q-1if 2" <0

0if A" =0
\_ i

Lower bounds may not be valid

Rigorous if egtn relaxes as h(x,y) <0 h(x,y) is convex

Carnegie Mellon y



MIP-Master Augmented Penalty

oy | .
(Oltanical Viswanathan and Grossmann, 1990

CENTER

Slacks: pk gk with weights wk

min ZK=a+SlW:;FJ(+quqk}

=1 (M-APER)

—_ k )

s.t. aZf(Xk,yk)Jer(Xk’yk)T{X Xk:|
y-y

ok
Tkvh(xk’yk)'r |:X Xk}g pk L k=1..K
y-y

X— X"
g(xk,yk)Wg(xk,yk)T{ k}qu
y-y
Y oy- X y<lB-1 k=1.k
ieBk ieNk
xe X, yeY, aeRl, F}(, qk20

If convex MINLP then slacks take value of zero
=> reduces to OA/ER

Basis DICOPT (nonconvex version)

1. Solve relaxed MINLP

2. Iterate between MIP-APER and NLP subproblem
until no improvement in NLP

Carnegie Mellon .



Mixed-integer Nonlinear Programming dﬁ%

LCLyini

ENGINI 1T MINLP:

Algorithms

Branch and Bound (BB) Leyffer (2001), Bussieck, Drud (2003)
Generalized Benders Decomposition (GBD) Geoffrion (1972)
Outer-Approximation (OA) Duran and Grossmann (1986)
Extended Cutting Plane(ECP) Westerlund and Pettersson (1992)

Codes:
SBB GAMS simple B&B
MINLP-BB (AMPL)Fletcher and Leyffer (1999)

Bonmin (COIN-OR) Bonami et al (2006)
FIIMINT Linderoth and Leyffer (2006)

DICOPT (GAMS) viswanathan and Grossman (1990)
AOA (AIMSS)

o.—ECP Westerlund and Peterssson (1996)
MINOPT Schweiger and Floudas (1998)

BARON Sahinidis et al. (1998) Global
Couenne Belotti & Margot (2008) Global

SCIP z1B (2012) Global
GLOMIQO Floudas and Meisner (2011)

CarnegieMellon Note: MIQPs can be solved with CPLEX
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http://www.minlp.org

MINLP

| CYBER-INFRASTRUGTURE

CENTER

" | Home | Goals | Participants | Instructions | Contribute Problems | Open Problems | Libraries of Problems | Forum | Resources | |

We invite researchers and
This collaborative site has as a major goal to practitione rs to contribute to
promote the optimization of linear and nonlinear
models with one or several alternative model th l.b 'F bl d
formulations involving discrete and continuous minZ — f(x ) el rary O pro ems an
variables through mixed-integer nonlinear - 3 y L. .
programming (MINLP), or generalized disjunctive models, and to participate in the
programming (GDP). Three major objectives are: S.f. gl'(:":.| y) < 0
« Create a library of optimization problems that discussions on these problems.
can be generally formulated as MINLP/GDP xE X, y E Y
odels. .
mecs We look forward to collaborating
+ Provide high level descriptions of the problems
with one or several model fermulations with ; |
corresponding input files for one or several W1th you "
instances.
» Allow users to pose open problems that are
unsolved and with unknown or tentative
formulations
About us Contribute Our library Resources
Goals of our project Create an account View our library of problems Conferences
Participants of the project Learn how to contribute problems Discuss problems in the forums Lectures and Tutorials

Contribute solved problems, models,
and instanes to our library

Post open unsolved problems

Carnegie Mellon
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1= . L | chpp
[ Generalized Disjunctive Programming (GDP) ™ Wi

 Raman and Grossmann (1994) (Extension Balas, 1979)

e Motivation: Facilitate modeling discrete/continuous problems

min Z=Yc, + f(x) Objective Function
st. r(x)<0 Common Constraints
i Y, 1 Disjunction
OR operator —— v/ g. (X) <0| kekK Constraints
IJ, . C. =7, _ Fixed Charges
Q(Y )= true Logic Propositions
xeR",c eR’ Continuous Variables
Y, € { true, false } Boolean Variables

Properties: a) Every GDP can be transformed into an MINLP
b) Every bounded MINLP can be transformed into GDP

23
Carnegie Mellon



F;,rn - Process Network with fixed charges d{?\g
ENGIN CENTER

FERING
e
— »
%1
—»{) Il
&
GDP model ol
Min Z =c,+¢C,+c, +d"X
S.t.
X =X, + X,
Xg = X3 + Xs
| Yi Yo
X; =P X [V X =X,=0
B C1 =N C1 =0
Yo A
Xs = P, X, [V X =X%,=0
L &= ] | ¢, =0 ]
Yis Yoq

X, = PX [V X =%,=0

L G =7 C3:O

Carnegie Mellon

yoAe]
it 4
2 3 L »
B C
w5
Yuv Y,
YoV Yy
Y3V Yo

Yu VY, = Y
Y=Y v Yy
Yo VY
0<x<x’

Y., Y., Y,

110 " 210 127

Y,,, Y3, Y, €{True, False}

c,,C,,C, R’

24
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. . . _ CAPD
[ Generalized Disjunctive Programming (GDP) j{/\f

e Raman and Grossmann (1994)

min Z = ch + f(X) Objective Function
K
st. r(x)<o Common Constraints
i Y, ] Disjunction
AVAR R K(X)<0| keK Constraints
1€y Fixed Charges
G =V J
Q(Y )= true Logic Propositions
xeR",c, eR* Continuous Variables
Yy € { true, false } Boolean Variables

Relaxation of GDP?

Lee, Grossmann (2000) 25
Carnegie Mellon



Big-M MINLP (BM)

e MINLP reformulation of GDP

mnzZ = > > y A+ f(X)

keK jed,
st.  r(x)<0
9, (X)<M; (1-4,) JeJ keK Big-M Parameter
> A =1 keK

ey Logic constraints
Al<a Williams (1990)

x>0,4, €{0,1}

NLP Relaxation 0< A4, <1 => Lower bound to optimum of GDP

26
Carnegie Mellon
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NG Hull Relaxation Formulation et

e Consider Disjunction k e K Y ik
V | 9x(x) =<0
jed |
J C=7ik

¢ Theorem: Convex Hull of Disjunction k (Lee, Grossmann, 2000)
Disaggregated variables vk

(X0 x=%v", c=%Az,,

jedk

0<v*<A U, jeld
XA, =1 0<A <1,

jedk

24,9,(*12,)<0, jed.}

A; - weights for linear combination

- Stubbs and Mehrotra (1999)
- Generalization of Balas (1979)

=> Convex Constraints

I Hull relaxation: intersection of convex hull of each disjunction | 27

Carnegie Mellon



ENGINGE S Remarks cenre

1. Perspective function h(v ,A)=Ag (v /4)
If g(x) is a bounded convex function,

h(v ,A) is a bounded convex function Hiriart-Urruty and Lemaréchal (1993)

h(v,0)=0 for bounded g(x)
2.Replace 4,09, (vy /1;)<0 where 0<v, <UA, by:

((1_‘9)/1jk +5)(gjk (ij /((l_g)/ljk +¢))) —&J (O)(l_ﬂ’jk) <0

Furman, Sawaya & Grossmann (2009)

a. Exact approximation of the original constraints as ¢ — 0.

b. The constraints are exact at 4, = 0 and at 4;, = 1 regardless of value of «.
If ﬁjk =0, = (5)(gjk (O))_ggjk (0)=0<0

If ﬂ‘jk =1= ((1)(gjk (ij Q) — &0 (O)(O):(l)gjk (ij /(@) <0

c. The LHS of the new constraint is convex.

28
Carnegie Mellon
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ﬁn‘iﬁé Remark

For linear disjunctions

j\efk[AikXSbik}

Convex-hull  set g, (X)=A, x—b,

X=D Vi

jeJk
Ajkvjk < bjkﬂ“jk jeJ, Balas (1985)
Z Ay =1
jeJk

0<4, <1 jel,

29
Carnegie Mellon 29
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2t Hull Relaxation Problem (HRP) jY/‘F

HRP: minZ =%y A, + f(x)

keK jedy

S.t. r(x)<o
x=Xv" k eK

O<v*<aAU_,jeld keK Convex Hull

each disjunction

XA, =1 ,keK
A.9,(v"/2,)<0, jeld keK
Al<La Logic constraints

X, v*20,0<4, <1 jel ,keK

¢ Property: The NLP (HRP) yields a lower bound to optimum of (GDP).

30
Carnegie Mellon
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2 Strength Lower Bounds jY/‘F

¢ Theorem: The relaxation of (HRP) yields a lower bound that is greater than or
equal to the lower bound that is obtained from the relaxation of problem (BM
Grossmann, Lee (2003)

X2

Y

1 2 3 4 X1 1 2

3 4 x
Convex hull relaxation Big-M relaxation

Convex Hull of a set of disjunctions is smallest convex set that includes set of disjunctions.

Projected relaxation of (CH) onto the space of (BM) is as tight or tighter than that of (BM)

31
Carnegie Mellon



Eﬁ’,‘;}; Methods Generalized Disjunctive Programming y

GDP

Logic based methods Reformulation MINLP

Branch and Bound
Outer-Approximation
Generalized Benders

Extended Cutting Plane

Branch and bound  Decomposition /\

(Lee & Grossmann, 2000) Outer-Approximation _
Generalized Benders Hull Big-M
(Turkay & Grossmann, 1997) relaxation

32
Carnegie Mellon
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e Turkay and Grossmann (1997)

CHPD

Process Network with Fixed Charges Ve

8 Boolean variables, 25 continuous, 31 constraints (8 disjunctions,5 nonlinear)

X
14 X1q X20
> 6 >
Xo X3
> —>
X4 X ——— X3 | E Yg vV,
A — Y, vY 4 i
1 2 X X X
X X5 | Xqq X21 22 | "23 24
4 > 7 >
> 2 » > > F
Y, VvYs
B Xo5
X15 X6 | X17 X18
X | 5 ; 1 8 — D
6 A
C
» 3
v ! X10 Yi L/Yj
] : Unit X7 Specifications
33
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Optimal solution
¢+ Minimum Cost: $ 68.01M/year

gﬁ;\g

X
14 X19 X20
> 6 >
X4 Xio —— %3 | E
A [ > 4 >
Raw 2 g
Material Reactor B X25 Reactor Products
l X17 X18
X6 > 8 > D
Xg X10 t
v
j - Unit X5
34

Carnegie Mellon
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B  MINLP- Branch and Bound Method j{/‘r

Hull-Rel Z-=62.48 Z- = 15.08 Big-M
2 =1[0.31,0.69,0. 03,1.0,1,0,1]

Fix 12/ Nﬂf =0
Z- = 65.92
=[0,1,0.022,1.0,1,0,
FiX A = Fix A5 = 0 Stop
7L =75.01> 7Y

@/1 [1,0,0.022,1.0,1,0,1]

7U =71.79 ZY =68.01=27*
=10,1,1,1.0,1,0,1] A =10,1,0,0,1.0,1,0,1]
Feasible Solution Optimal Solution

* 5nodes vs. 17 nodes of Big-M (lower bound = 15.08)

35
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Question

Can we obtain stronger relaxations than
with Hull-Relaxation?

Extend Disjunctive Programming Theory

to Nonlinear Convex Sets
DP: Linear programming with disjunctions

Balas (1974, 1979, 1985, 1988)

Carnegie Mellon
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I«  Equivalence between GDP and DP drﬁ&

Sawaya, Grossmann (2012)

GDP DP
min  Z = f(z) + > ok Ck min 2 = f(x) +> ok Ck
st.  r(x)<0 st.  r(x)<0
}k - |r; )‘ik = 1 -|
N4 Giplx) =0 ke K V () <0 ke K
ieDy, iy,
Ck = Yik [ Ck = ik J
QY) = True > | AN >a Zjﬁj Ai =
e < @ < gup e <z < '
rER" ¢, € R Yy € {True, False} rE€R", . € RY \ir >0

The integrality of A is guaranteed

Proposition:
Discrete/continuous GDP and continuous DP have equivalent solutions.

Carnegie Mellon 37
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itk Equivalent Convex Disjunctive Programs 55

Regular Form: Form represented by the intersection of the union of
convex sets

F = ﬂ Sp. ke K., S, = U P;

ekt i€Dr  ______» Fisinregular form

P; a convex set for 1 € Dy

Theorem 2.1. Let F be a disjunctive set in reqular form. Then F can be
brought to DNF by |K| — 1 recursive applications of the following basic step
which preserves reqularity:

For some r.s € K, bring S, N Ss to DNF by replacing it with:

Se= U (PN P;) Balas (1985)

ieD, jeD.

Carnegie Mellon 38



sils Ilustrative Example: Basic Steps d\‘?\e
@Ehernte|
Eﬂﬂlﬂl ERING F = Sl M SZ M 83 CENTER

S;=(R;VP;) S,=(R,UPR,) S; = (PR3 UPRy,)

Then F can be brought to DNF through 2 basic steps.
Apply Basic Step to:

S;NS, =R, VUPR)N (R, URy,)
Sp; = (Pll M P12) J (P11 M Pzz) - (P21 M Plz) - (P21 M I:)22)
We can then rewrite
F=5,nS,nS, aF=5,M53,
Apply Basic Step to:
S, NSy =((PyNP,) V(R NP,)U(Py NP, U(PyNP,)) N (R UR,)

:[ (PP, nB)) V(R NP, nP))U(PyNP,NP;)U(P, NP, N Pl3)j
= U(P, NP, NPy) U (P, NP, nPy)U(Py NP, NP,) U (PP, NE,)

We can then rewrite

F=S,n S3 asF =S,,;  whichisits equivalent DNF
Carnegie Mellon 39



Hierarchy of Relaxations for ;%
Convex Disjunctive Programs e

Theorem 2.4. Fori=12...kletF; = ()] Sk be a sequence of reqular forms
keK
of a disjunctive set such that F; s obtained from F;_y by the application of a

basic step, then:

h-rel(F;) C h-rel(F;_1)

llustration: F,=(P, UP,) (P, UP,)

P12

Pll

Carnegie Mellon 40



% fa Hierarchy of Relaxations for Q%&
- Convex Disjunctive Programs o

Theorem 2.4. Fori=12...kletF; = ()] Sk be a sequence of reqular forms
keK
of a disjunctive set such that F; s obtained from F;_y by the application of a

basic step, then:

h-rel(F;) C h-rel(F;_1)

lllustration: F =(P, UP,) (P, UP,)

Carnegie Mellon 41



Hierarchy of Relaxations for ;ﬁe&
Convex Disjunctive Programs e

Theorem 2.4. Fori=12...kletF; = ()] Sk be a sequence of reqular forms
keK
of a disjunctive set such that F; s obtained from F;_y by the application of a

basic step, then:

h-rel(F;) C h-rel(F;_1)

llustration: F,=(P, UP,) (P, UP,)

h—rel(F,) P

—————

Pll

No Basic Step Applied => HR
Carnegie Mellon 42
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L IFERING

i-—’?'_; Hierarchy of Relaxations for Q%&
- Convex Disjunctive Programs o

Theorem 2.4. Fori=12...kletF; = ()] Sk be a sequence of reqular forms
keK
of a disjunctive set such that F; s obtained from F;_y by the application of a

basic step, then:

h-rel(F;) C h-rel(F;_1)

lllustration:  F =(P, UP,)N(PyUP,) F=(P;nP,;)U(P;NP,)U(P, Py )U(P,NPy,)

clconv(F,) Pz &
P22
____________ Py
P Pu
No Basic Step Applied => HR Basic Step Applied

Carnegie Mellon 43
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i-—’?'_; Hierarchy of Relaxations for Q%&
- Convex Disjunctive Programs o

Theorem 2.4. Fori=12...kletF; = ()] Sk be a sequence of reqular forms
keK
of a disjunctive set such that F; s obtained from F;_y by the application of a

basic step, then:

h-rel(F;) C h-rel(F;_1)

Hlustration: Fo=(PL UR) N (P, UR,) F =R NPy V(PN Py,) U (R, nPy) WPy Py,)

clconv(F,) P

—————

PZl

Tighter relaxation!
Pll

No Basic Step Applied => HR Basic Step Applied => CH
Carnegie Mellon 44
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i—% Convex nonlinear program equivalent to a gﬁa&
— convex disjunctive program

Theorem 2.8. Let Z = min{f(x)lx € S} be a convexr disjunctive pro-

gram where S is a convex disjunctive set in DNF such that S = |J P; and
icD

P, = {z € R" gi(x) < 0} where P; # () and that = and f(z) are bounded

below and above by a large number L. Then, the following nonlinear program

has at least one solution that is also solution of the disjunctive program:

_ min o
NLPDP: st. a= E ,'r_,f;
ieD
Objective as = EEE}D v The solution of the
constraint XNgi(V /A <0, ieD NLP relaxation leads
\ N0\ < i ieD to the solution of
i 1) = Moo I
Z)u:ly N\ >0, ieD the DP!
ieD
| < LA, ie D
|L"’i| i: L}'li'! ieD

Similar to convexification of MILPs
Lovacz & Schrijver (1989), Sherali & Adams (1990), Balas, Ceria, Cornuejols (1993)

For DP/MINLP: Soares, Ceria (1999); Implicit in Stubbs and Mehrotra (1999)
Carnegie Mellon 45



Convex nonlinear program equivalent to a QWO&

convex disjunctive program
Illustrative Example

Disjunctive Program
plution of the

[~ refaxation
4 / min 2 = (r; — 3)% + (29 — 2)2 1

s.t.
23 + 23 <1V (21 —4)? + (29 — 1) < 1]

V [(SL‘l — 2)2 + (LITQ — 4)2 < ]_]

zi| <5 i€1,2

Solution of the
< DP

Solution of the relaxed program is different from
solution of the disjunctive program

Carnegie Mellon
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Convex nonlinear program equivalent to a Q%

convex disjunctive program
Illustrative Example

Disjunctive Program

Place objective as constraint
and intersect with disjunction

min 2 =«

s.t.

I 2422 <1

| (7 —3)2—|—(:179—2)2+1 <o

(.‘171 —4)2+(I2—1)2 <1

Y @—32+ (1 —22+1<a
y (11— 224 (1 —4)2 <1
| (@ =3+ (-2 +1<a ot x, Solution of the program
;| <5 ie1,2 DNE! Kj—» and its_relaxation
X, Z=1172

(3.293,1.707)

Solution of the hull relaxation of DNF (NLP) is the
same as the_solution of the disjunctive program (Theorem 2.8)

Carnegie Mellon 47



CHBD
it Summary of “practical” rules to apply basic steps j\ﬁ/\ﬁ

* Apply basic steps between those disjunctions with at least one
variable in common.

* The more variables in common two disjunctions have the more the
tightening expected.

» A basic step between a half space and a disjunction with two disjuncts
one of which is a point contained in the facet of the half space will not
tighten the relaxation.

A smaller increase in the size of the formulation is expected when
basic steps are applied between improper disjunctions and proper
disjunctions.

Carnegie Mellon 48



MINLP formulation of convex disjunctive Q%

program after several basic steps

min f(x)
s.T.
. r= > j €T,
Constraints '
i tel);
after basic steps\> !

No new binary

variables are created —

(Balas, 1985)

Carnegie Mellon

NGHUE /N <0, teq,
E‘}"t:l?}‘tioi tEQJ

teQ);

teQ;|seM

Z }"t = 5;.._. S < Q.i.._h

Z {5; = 1. re Ty
SEQP

|Ut‘ EL'}"t! tEQJ*
or € {0, 1}, t e @,

No additional 0-1 variables are required!

Set of disjunctions
— after basic steps

S
jel,
TETd?jET—;i

Set of disjunctions
~” before basic steps

JeT,

JeT,

49



‘ﬁ - -
| Gl Process Network Revisited

Illustrative Example

X
14 X19 X50
6
W X3
Xy X12 Xi3.| E YgvY
A YivYs 4 X X X X
X, X5 | Xy 2 22 | %23 24 -
Y, vY
4 ¥ Ysg
B Xos
WER XlGi X17 X18
Xe {5 ; s | p
C
v T X10 Y vY,
j : Unit X7 Specifications

We can obtain a tighter relaxation by applying basic steps
between the improper disjunctions and the proper disjunctions

Optimal Solution Z™! = 68.0097 obtained from Hull Relaxation with basic steps

Solves as an NLP!
Carnegie Mellon 50
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L e Sizes of Convex GDP Formulations

BM Approach HR Approach Proposed Approach

Example Bin | Con | Const | Bin | Con | Const | Bin | Con | Const
Circles2D3 3 = 12 3 16 20 3 20 27
Circles2D36 36 39 38 36 111 112 36 147 154
Circles3136 36 40 38 36 148 149 36 184 221
Procs 8 42 97 3 98 152 o) SR 843
ProclO 10 51 08 10 124 158 10 | 638 1181
Procl2 12 57 114 12 137 184 12 | 805 1462
Flay02 4 15 12 4 47 a2 ! Do 80
Flay03 12 27 20 12 123 145 12 195 334
Flay04 24 43 43 24 | 235 283 24 | 511 RG5
Clay0203 18 31 55 15 88 130 15 160 316
Clay0303 | 21 | 34 —&{ | 21 | oo —=2d | 21 | zee | U
Clay0204 | 32 |( 53 91)| 32 | (165 | 235)| 32 |(641 | 15039
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Numerical Results

All problems were solved using NLP branch-and-bound SBB/CONOPT 3.14 (GAMYS)

Table: Performance using different reformulation strategies

CENTER

Carnegie Mellon

BM A pproach HR Approach Proposed Approach
Example Opt. LB Nds T(s) LB Nds | T(s) LB | Nds T(s)
Circles2D3 1.17 0.00 4 1.0 1.15 4 1.04 1.17 0 0.7
Circles2D36 2.25 0.00 70 7.8 0.00 70 | 15.40 2.24 29 4.9
Circles3D36 15.77 0.44 70 7.3 12.04 70 | 18.50 15.72 34 10.8
Proc8 68.01 -829.0 34 4.6 67.12 2 1.0 68.01 0 1.7
Procl0 -73.51 | -1,108.88 197 21.7 | -7T8.81 4 1.0 -73.56 2 1.9
Procl2 -69.51 | -1,108.88 234 27.7 | -T4.81 8 1.0 -69.51 2 2.9
Flay02 37.95 28.28 6 1.0 28.28 6 1.7 37.95 3 1.0
Flay03 48.99 30.98 104 10.7 | 30.98 108 12.1 41.94 30 9.0
Flay(04 54.40 30.98 | 2415 | 234.0 30.98 [ 2,887 | 288.0 41.69 52 48.0
Clay0203 41,573.30 0.00 323 32.7 0.00 216 22.0 | 3,010.00 | 206 28.7
Clay0303 26,670.00 0.00 380 42.0 0.00 879 99.0 | 3,103.00 | 331 69.0
Clay0204 6,545.00 0.00 | 2,265 | 229.0 0.00 | 2,835 | 507.0 | 4,760.00 | 546 | 157.0
Poor lower bounds
52



Numerical Results

All problems were solved using NLP branch-and-bound SBB/CONOPT 3.14 (GAMYS)

Table: Performance using different reformulation strategies

CENTER

Carnegie Mellon

BM Approach HR Approach Proposed Approach
Example Opt. LB Nds T(s) LB Nds T(s) LB | Nds T(s)
Circles2D3 1.17 0.00 4 1.0 1.15 4 1.04 1.17 0 0.7
Circles2D36 2.25 0.00 70 7.8 0.00 70 | 15.40 2.24 29 4.9
Circles3D36 15.77 0.44 70 7.3 12.04 70 | 18.50 15.72 34 10.8
Proc8 68.01 -829.0 34 4.6 67.12 2 1.0 68.01 0 1.7
Procl0 -73.51 | -1,108.88 197 21.7 | -78.81 4 1.0 -73.56 2 1.9
Procl2 -69.51 | -1,108.88 234 27.7 | -T4.81 8 1.0 -69.51 2 2.9
Flay02 37.95 28.28 6 1.0 28.28 6 1.7 37.95 3 1.0
Flay03 48.99 30.98 104 10.7 | 30.98 108 12.1 41.94 30 9.0
Flay(04 54.40 30.98 | 2415 | 234.0 30.98 [ 2,887 | 288.0 41.69 52 48.0
Clay0203 41,573.30 0.00 323 32.7 0.00 216 22.0 | 3,010.00 | 206 28.7
Clay0303 26,670.00 0.00 380 42.0 0.00 879 99.0 | 3,103.00 | 331 69.0
Clay0204 6,545.00 0.00 | 2,265 | 229.0 0.00 | 2,835 | 507.0 | 4,760.00 | 546 | 157.0
Improved lower
bounds 50%probs
53



il
LI Numerical Results

All problems were solved using NLP branch-and-bound SBB/CONOPT 3.14 (GAMYS)

Table: Performance using different reformulation strategies

BM Approach HR Approach Proposed Approach

Example Opt. LB Nds T(s) LB Nds | T(s) LB [ Nds T(s
Circles2D3 1.17 0.00 4 1.0 1.15 4 1.04 1.17 0 0.7
Circles2D36 2.25 0.00 70 7.8 0.00 70 | 15.40 2.24 29 4.9
Circles3D36 | | i 0.44 70 7.3 12.04 70 | 18.50 1572 34 108
Proc8 I 68.01 -829.0 34 4.6 67.12 2 1.0 68.01 0 1.7

Procl0 -7(3.9 -1,108.88 197 21.7 | -T8.81 4 1.0 -(3.9 ; .
Procl2 -69.51 | -1,108.88 234 27.7 | -T4.81 8 1.0 -69.51 2 2.9
Flay02 37.95 28.28 6 1.0 | 28.28 6 1.7 37.95 3 1.0
Flay03 48.99 30.98 104 10.7 | 30.98 108 12.1 41.94 30 9.0
Flay(04 54.40 30.98 | 2,415 | 234.0 | 3098 [ 2,887 | 288.0 41.69 b2 48.0
Clay0203 41,573.30 0.00 323 32.7 0.00 216 22.0 | 3,010.00 | 206 28.7
Clay0303 26,670.00 0.00 380 42.0 0.00 879 99.0 | 3,103.00 | 331 69.0
Clay0204 6,545.00 0.00 | 2,265 | 229.0 0.00 | 2,835 | 507.0 | 4,760.00 | 546 | 157.0

Improved lower

bounds 100%probs
Proposed vs BM: faster 10 out of 12

Proposed vs HR: faster 8 out of 12
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— Cutting Planes for Linear CYPD

ical Generalized Disjunctive Programming
ENGINE L (5 CENTER
GDP Model: Sawaya, Grossmann (2004)
MinZ = ) c,+ hTx Objective Function
kDK
s.t. Bx <b Common Constraints
v,
oR — "V Ax<ay |k eK Disjunctive Constraints
Operator | € Jk _
L Gk =7k
Q(Y) = True Logic Constraints

xe R", Y; e {True, False}, ¢, e R

jed, ke [(\
Boolean

\ ]
Variables




Reformulations as MILP

MinZ =) > ydic+ hTx
keK jedk Big-M parameters
Big-M s.t. Bx <b
19- Ay X - 3y <M, (1-45) jed, keK (BM)
> Ak =1 ke K
jedk
D/ <d
xeR" 4, €{0,1} jed, keK
T _ T
Min Z éjezjk%k/hk +hix Disaggregated variables
s.t. Bx <b
A vik-a, A, <0 jed, , ke K
Convex Hull i e 1€ %< (CH)
X = Z\/jk ke K
jedk
0 <V <y Uy jed,  keK
Zﬂjk =1 ke K
jedk
D/ <d
xe R VWkeRY, , 4, €{0,1} jed,  keK




Motivation for Cutting Plane Method

Proposition: The projected relaxation of (CH) onto the space of (BM) is
always as tight or tighter than that of (BM) (Grossmann IL.E., S. Lee, 2003)

Trade-off: Big-M fewer vars/weaker relaxation vs Convex-Hull tighter relaxation/more vars

X, |

Strengthened Big-
Relaxed Feasible Regi

Cutting Plane

»
»

X1

Big-M
Relaxed Feasible Region

Convex Hull
Relaxed Projected Feasible Region



Cutting Plane Method

1. Solve relaxed Big-M MILP xrg,,

2. Solve separation problem: find point xSEPclosest to xRy,
Feasible region corresponds to relaxed Convex Hull.

MinZ = @ (x) (SEP)
s.t. Bx <b
Ay vk - ay dy <0 jed, keK
X= Zvjk ke K
jek
0 < vk <2y Uy jed. keK
D k=1 ke K
jek
D/ <d
Xe Rn, vjkER”+,O_</1jk_<l jed. keK

Note: @ (x) can be represented by either the Euclidean norm
(? X - xgBM?) (NLP) or the Infinity norm (max; | X;-XirEM | ) (LP).

3. Cutting plane is generated and added to relaxed big-M MILP.

4. Solve strengthened relaxed Big-M MILP. Go to 2.



CHPD.

CENTER

.ﬁ
f¥%..  Cutting Plane Method: Different Cuts

Proposition:  There exists a vector &such that
§T (ZSEP_ ZBM) >0
is a valid linear inequality, where £is a subgradient of @ (z) at z5FP.
Note: z=(x,4)

Proposition: (1) Let @(2) = ||z - 22M||, =(z - 2BM)T(z - BM). Then,
E=VD=(z-28M)

2) Let @(2) = ||z - 28M|| ;= max; | ;- M| . Then,

&=y p) o
Min u Lagrange Multipliers
s.t u2z-z8M iel < 74
u2-z+z8M iel < M
Feasible region of (SEP)
(3) Let @(2) = "z - zBM " =X | Z;- Z,BM | Then,
c=W'- p)
Min X u, Lagrange Multipliers
st u2z-2BM iel < K
u=>-z+zBMiel < H

Feasible region of (SEP)




ml Strip-packing Problem QQ\BR

Problem statement: Hifi M. (1998)

* We need to fit a set of small rectangles with width w; and length [; onto
a large rectangular strip of fixed width W and unknown length L. The
objective is to fit all small rectangles onto the strip without overlap and
rotation while minimizing length L of the strip.

(0,0) (%;:Yi)

—
|
D
>

Set of small rectangles
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FERING

i"’fa; GDP Model For Strip-packing Problem

MinZ=L (SP-GDP)
{ Yii }/{ Yi :|\{ Yi }{ Yii }
Xiti<xi| Dx<i<xi] Ly-hizyi] [yi-hi>yi
0<x<U, -1 icN ijeN, i<j
h; <y, =W ieN
Xi, Vi€ R ieN
Ylij1 Yzij y Y3ij y Y4ij E{True, False} i,j € N, | <J




21-rectangle Strip-packing Problem %D\E

Problem Size
Total number of | Total number of | Number of discrete
constraints variables variables
Convex Hull 5272 4244 840
Big-M 1072 884 840
Solution
Ya
10
1711 3 | 16 14 11 9
1
18 8 13
12
7 6 15 ,
10
21| 19 [20] .
5 R X

Optimal Length: 24



Numerical Results

(CPLEX v. 8.1, default MIP options turned on)

Relaxation Optimal Gap Total Nodes  Solution Time *Total
Solution (%) in MIP for Cut Solution
Generation Time (sec)
(sec)
Convex Hull 9.1786 968 652 0 >10 800
Big-M 9 24 62.5 1416137 0 4 093.39
Big-M + 20 cuts 9.1786 24 61.75 306 029 3.74 917.79
Big-M + 40 cuts 9.1786 24 61.75 547 828 7.48 1 063.51
Big-M + 60 cuts 9.1786 24 61.75 28 611 11.22 79.44
Big-M + 62 cuts 9.1786 24 61.75 32 185 11.59 91.4

* Total solution time includes times for relaxed MIP(s) + LP(s) from separation problem + MIP

Results also for retrofit, scheduling problems



C . CABD
Global Optimization of MINLP

- Global optimization techniques find
the global optimum by sequentially
i approximating the non-convex problem
with a convex relaxation

- Tighter formulations lead to more
efficient algorithms

Global Convex
Optimum L e : N
/ g Relaxation
Tighter ™. ‘\\ Lower
Relaxation Bound Finding strong relaxations

IS a key element in

1. Global Optimization

2. Efficient solution

of convex MINLP problems

Carnegie Mellon 64



mal Extension to Nonconvex GDP d{'}&

Basic idea: strengthen lower bound of global optimum

Phase 1 Phase 2
Nonconvex GDP Convex GDP | Tight Convex GDP
Initial lower bound Stronger lower bound
Relaxation

Strengthen relaxation

Under/over estimating functions :
Apply basic steps

Convex envelopes

Remarks
1. Since transformation to DNF impractical special
rules are applied to identify promising basic steps

2. Stronger relaxation can also be used to infer tighter
bounds for variables

Carnegie Mellon 65



| D
i eRinG Illustrative Example: oOptimal reactor selection | %“

I

F: Flow
X: Conversion Objective

Function

= Demand GDP Formulation (- Profit)
/ Demand
MinZ= -gFX +gF +V constraint

s.t. FX<d

Conversion

Yll [ YZ].
F=a,X+p F=a,X+p
XPP<X<XP |V [ X <x<x?®

/ CP =Cp, | CP=Cp,

Selection Reactor

Y11 v Y21 = True

CPX,F €R
FLO < F < FUP

Yi Ya € {True, False}

Optimum Z* =-1.01

%0 1 X
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Illustrative Example: oOptimal reactor selection |
Lee & Grossmann (2003) Relaxation

CENTER

Bilinear Terms

MaxZ = 'n'i gFGPCP

s.t. @Sd

P <F.XO + FUP X - FUP XLO
Convex  ——p P<FXP+FOX-FOXP

P > F.X'0 + FLo X — FLo X0
Envelopes P > F.XUP + FUP X _ FUP XUP
Yll Y21
F=a,X+p F=a,X+p
Convex N 2 2
. - XXXV [ XX <X
Relaxation Hull Relaxation CP = Cp, cP=Cp,
(No Basic Steps)
Y11 v Y21 = True
CPXF €R
FLO < F < FUP
0 0 1 X Yy .Yy € {True, False}
Lower bound Z* =-1.28 <-1.01
Carnegie Mellon
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| chBD
mma Illustrative Example: oOptimal reactor selection | %“

Proposed Relaxation

Bilinear Terms

MinZ = —@-}E/FFQBP

8 s.t.ﬁsd
II Yp < 0+ pudy - pUp xLo Y,
P <FX- FURX - F4P.X 21
P Pk F.XUP + FL9.X — F}O XUP P<d
Convex WBPH:IB&F&QJ F#C.X—F%)QOF YUP . L0y _ L0 yUP
Envelopes p < p xwo , p#XEFKES 'XV_F PEF X0 4 F X U X0
P> F.X"FO.XyFOX" P2 FK !0+ FLoX —FLo.X"
Con®gsxsic L | P> E.xUP FU%.&I-XFIEJ,FB?(UP FP>£ZXUP J:UP X — EUP WP
Huﬂtep —> F %}@K@( < X1UP V X LO < XF<:XDJZ"{9( +ﬁ2
. Relaxation X0 X @X£Cp, CP Xghs X £ X5°
Relaxation cP - Cp, 11 CP - Cp,
(Basic Steps) Yat v Yo = True
CPXF €R
FLOSFSFUP
0 Y1, .Yy € {True, False}
0 1 X 11,0721 ,

Lower bound Z* = -1.1 < -1.01 and tighter than -1.28!

Carnegie Mellon 68



Dimensions of Test Problems

%9\9

Bilinear/Concave
Bilinear Terms Concave Functions | Discrete Variables | Continuous Variables
Example 1 1 0 2 3
Example 2 0 2 2 5
Example 3 4 9 9 8
Example 4 36 0 9 114
Example 5 24 0 9 76
Examples

1- Optimal Reactor selection |
2- Optimal Reactor selection 11
3- HEN with investment cost - multiple size Regions (Turkay & Grossmann, 1996)
4- Water Treatment Network Design problem (Galan & Grossmann, 1998)

5- Pooling Network Design problem (Lee & Grossmann, 2003)

Strong linear relaxations exist for bilinear and concave functions

Carnegie Mellon
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Dimension of Case Studies
Linear Fractional, Posynomial, Exponential

d{l}’\g

Cont. Vars. | BooleanVars. | Logic Const. Disj. Const. | Global Const.
PROC1 5 2 1 1 3
PROC2 5 2 1 1 3
RXN1 4 2 1 1 6
RXN2 4 2 1 1 6
HEN1 18 2 2 2 21
Reference
PROCL1, PROC2:  Optimal Process Network Problem
RXN1, RXN2 : Optimal Reactor Network Problem
HENL1 : Optimal Heat Exchanger Network Problem

Strong nonlinear relaxations exist for linear fractional and
posynomial functions

Carnegie Mellon
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Heat Exchanger Network Problem

Heat Exchanger Network Generalized Disjunctive Program

min Z =c, A +cA +cA +cA+C,+C,
Tl Cz P \\ T3 St
ll 3 ) Ai — Ql 'A2 — QZ
¢ NS H U,AT, U,AT,
—>! — -7 1
Y3 “Yg
Cl A3 _ Q3 v Q3: 0
— > UAT{| |A =0
Ci=7s C;=0
_’ Y/, _‘Y4
,”_\\\ Hz A = Q, Ly Q=0
¢ T, - ;' UAT. A =0
—> S C,=7, C,=0
C3 \\_—’ T4

Q1 = FCPHl(Tl _THl,out)lQZ = FCPHz(Tz =Ty 2,out)

Q3 = FCPcz(Ta _TCZ,in)'QS = FCPHI(THl,in -T)

- - Q4 = FCPcs(T4 _TC3,in)vQ4 = FCPHZ(THZ,in
Linear Fractional Terms

_Tz)
IN constraints T, 2 Te, + EMAT, T, > T, + EMAT
Q +Q; = Qua
AT = (M =Terou) * Thzow = Tewin) AT, = (T, = Tevou) + Thz.on = Tewin)
1 2 Aly 2
AT, = (Tl_TCZ,in)+(TH1,in _Ts) AT = (Tz C3|n)+(TH2|n _T4)
3= Al =
2

2
THl,out STl STHlln THZ out STA STHZin

TCZ,in S T3 ’TC3|n S T

Q =0,AT, > EMAT | =1,...4

.....

Carnegie Mellon
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Prediction of Lower Bounds Global Optimum

DNF
Global Lower Bound Lower Bound Lower
Optimum Hull Relaxation Basic Steps Bound
React 1 -1.01 -1.28 -1.10 -1.10
Bilinear React 2 6.31 5.65 6.08 6.08
Concave HEN 114384.78 91671.18 94925.77 07858.86
Water 1214.87 400.66 431.90 431.90
Pool -4640 -5515 -5468 5241
Process 1 18.61 11.85 16.01 16.01
Linear Process 2 19.48 12.38 17.07 17.07
Fractional,
Exponential | gy 2 76.47 225 40.0 40.0
HEN 1 48531 38729.3 48230 48531

Lower bounds improved in all cases

Ave. Increase 22%

Carnegie Mellon

8 out of 10 achieved theoretically best lower bound (DNF)!

d{l}g
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4sils

GDP reformulation

Apply basic steps following
the rules presented

U

Bound Contraction
(Zamora & Grossmann, 1999)

U

Spatial Branch and Bound
(Lee & Grossmann, 2001)

Carnegie Mellon

CAPD
[ Global Optimization Methodology ji/“

Disjunctive B&B

Feasible discrete

Spatial B&B
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i—%f-; Computational Performance- Bilinear/Concave cYpp
ENGIN

CENTER
Global Optimization Technique
using Hull Relaxation
Bound
Global contract. (% | CPU Time

Optimum Nodes Avg) (sec)
Example 1 -1.01 5 35 2.1
Example 2 6.31 1 33 1.0
Example 3 114384.78 13 85 11.0
Example 4 1214.87 450 8 217
Example 5 -4640 502 1 268

Remarks

-Proposed relaxation led to a significant bound contraction at the root node.

- 44% reduction number of nodes, 23% reduction CPU time
tighter relaxation but increased size of proposed relaxation

Size of the LP Relaxation Size of the LP Relaxation
(Hull Relaxation) (Proposed)
Constraints Variables Constraints Variables
Example 1 23 15 28 15
Example 2 24 14 31 18
Example 3 87 52 206 106
Example 4 544 346 3424 1210
o Example 5 3336 1777 4237 1777
Carnegie Mellon xamp 74




Software Implementation GDP g@&

Extended Mathematical Programming
(GAMS-EMP) syntax (big-M or HR)

Example Syntax 1: All default = (HR)

-
1 variables x1,x2,z; :
I
I
: equation obj, f1, f2, f3; I
I I
| obj.. z =e= sqr(x1-5) + sqr(x2-5); :
i f1.. sgr(x1) + sqr(x2) =I= 1; :
1
I
I
I
1
I
I

I f2.. sqr(x1-4) + sqgr(x2-1) == 1;
I f3.. sqr(x1-2) + sqr(x2-4) =I= 1,

I
I
: x1.lo = -5; x2.lo = -5; x1.up = 5; x2.up = 5;
I
I

model circles /all/;

N N
N

min Z = (x; — 5)%+(x, — 5)?

st.

, putemp / "disjunction *" f1
["elseif *" 2

Y; . Y, ["else " 3;
[x12+x22 El]_[(x1—4)2+(x2—1)2£ 1

YS

N
B [(x1 —2)%24+(x, —4)?%=1
—5<x,x <5

Y,, Y5, Y € {True,False}

: putclose emp;
|
|

l_solve circles using emp min z;

Ca



CHED

CENTER

Reformulation algorithm from GDP to MI(N)LP

Algorithm consists of 3 stages

Algorithm (Trespalacios, Grossmann, 2013)

r-r—-——-—-—-—=-=-"=-"—-""-, - - -""-""-"""""-"""-""-""-"m"m=m_=m-=-=-== 1
! . | Eliminate infeasible disj. terms | I
ICharacterize v I
|the problem [ Select “Key Disjunction” (DX) | !
' 1
el K el |
: | Select Disjunction D* to apply BS |<— |
¥ I

I
: iteratively | Apply BS betv:/veen D*and DX | :
I
1 apply BS | Eliminate infeasible terms | I
I and v I
| feasibility | Setresulting disjunction as DX | |1
| check :

I
1 Rule :
! I
D o e e e — m— ——— —— — — —
Fo-TTTmT === F--—-—=-—<---—-- I
: Formulate | Apply improp*er BS with DK I
: I
! B'Hyl\t/)lr/l(lj—m Hybrid reformulation: DK as HR and |
: 'g- the remaining disjunctions as BM :
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Reduction of terms through a preprocessing
Preprocessing allows us to reduce problem size and identify better bounds

Preprocess: HR when each
disjunctive term is TRUE

Characteristic value

of each disjunction

4<x, <7 V[75x1 =11
7<x,<8|"

min 20—x; — x,

True True

s.t..

2<x,<4

Hull Reformulation
Relaxation

Solution: 9.5
(BM) lower bound: 4.0
(HR) lower bound: 8.5

[Infeas]V [9.5] ¥ [10] @

[8.5] ¥ [10.5] 8.5

After preprocessing

min 20—x; — x,

s.t.

X, <5 X, =9
X, =6 % Xy, <5
X2 <%+ 5 X, >2x, —8

[4 <x; <7 V[7£x1 <11
|7<x,<8]"|2<x,<4

New lower bound: 9.5
vs. initial H-Ref: 8.5

We eliminate one disjunctive term and obtain a stronger

lower bound!
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With hybrid GDP reformulation it is possible to exploit

advantages of Hull-R and Big-M

Maximization example

x2

Max Z=x1+4x2
s.t

[A1] ¥ [A2]
[B1] v [B2]

I 7*
k B1

Al

NN

A2

x1

\

Different reformulations

ZBM

|

ZHR

Q.

-

BM of [A]

Hy HR of [B]

Variables: 6
(4 binary)
Constraints: 18

Variables: 14
(4 binary)

Constraints: 36

Variables: 10
(4 binary)
Constraints: 28




lllustration 3 stages of Algorithm
GDP example shows the application of these, and improvement in relaxation

Algorithm

. Eliminate infeasible disj. terms |
ICharacterize v

|the problem | select “Key Disjunction” (DX) |
e N == >
! | Select Disjunction D* to apply BS |« 1
N |

|

: lteratively | Apply BS between D* and DX | :
I
| apply BS | Eliminate infeasible terms B
| feasibility | Setresulting disjunction as DX | |1
1 check :
! I
! I
! I
'r ——————————————————————————————————— -l
|
| Formulate | Apply improp*er BS with D -
; |
! B'Hyl\sl)rll(ljﬂR Hybrid reformulation: DX as HR and |
: '9- the remaining disjunctions as BM :

[Rule]. In this example: H-Ref improves after 2 BS, then continue iterating,
else stop. Other rules, such as limiting the # of terms could be used
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Example (Ex5)

min [t

s.t.
lt=x,+3

[lt > x; + 6]
lt=>x,+5
lt=>x;+4
X1+6 =x,

X1+6 Sx3

| X2+5 5x3 |

1<

[t > xq + 6]
lt=x,+5
lt=>x3+4
X1 +6 =x,
X1 +6 =x3

| X3+4 EX2 |

1<

= Xq + 6]
lt > X2 +5
lt > X3 + 4
X2+5 Exl
X3+4 Exl

'lt2 Xq + 6]

| X2+5 5x3 |

L X3+4 EX2 i

lt > X2 +5
lt > X3 + 4
X2+5 Exl
X3+4 Exl

[x,+6 Sx4] ¥ [y +3 <] Y [y, =6 =2 y, ] ¥ [y,—3 = y4]
[x245 Sx, ] ¥ [543 Sx,] Y [y, = 72 pu] ¥ [ya— 3 =y, ]
[x3+4 Sx,] ¥ [543 Sx3] Y [y3 =52 yu] ¥ [y4—3 = y5]

0<lt<18
0<x <12
0<x, <13
0<x, <14
0<x, <15

Solution@
HR lower bound: 8.3
Big-M lower bound: 6.0

Algorithm lower bound‘

Same as optimal
solution!
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Selection of DX and D* is based on three key concepts

Consequence
of Theorem
4.51

A Basic Step between two disjunctions that do not share variables in
common will not improve the tightness of the formulation

el  of terms in resulting disjunction = (# of terms in D1)*(# of terms in D2)

proper basic If we are applying several BS over the same disjunction this growth is even

step more important

Characteristic
value of The disjunction with highest characteristic value is expected to provide
CISIailelsil tightest relaxation when the Basic Step is applied

(Pre-analysis)

1: Balas E., Disjunctive Programming and a hierarchy of relaxations for discrete optimization problems, SIAM J. Alg. Disc. Meth., 6, 466-486, 1985



Algorithm was tested with several convex problems (I/l1)

MILP: Strip packing (Stpck) MILP: Nontransitive dice (Dice)
n=1 n=2 n=3
1 5 2
12| 9 [14| |13] 6 |18]| |16 3 |17
10 7 4
Minimize length 11 3 15

* Dice 1 beats dice 2 in 21 of 36 possible outcomes

1 2 E » Dice 2 beats dice 3 in 21 of 36 possible outcomes

* Dice 3 beats dice 21in 21 of 36 possible outcomes

: (10 ] b |

No rotation



Algorithm was tested with several convex problems (ll/11l)

MINLP: Farm Layout (Flay)

MINLP: Constrained Layout (Clay)

A, = 40 m?
A, = 50 m?
As = 60 m?
A, = 35m?

minP =2x(H+ L)

N

y

A
Y

v

|( )l
szs

82
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Algorithm was tested with several convex problems (lli/11l)

MINLP: Process flowsheet (Proc)

MINLP: Multiproduct batch (batch)

proc8: \

2
x4 I

x15
x25
1
o s PP s [

X7 0 |

: 25
min );_;g¢; + Ej=1pjxj +vy
st.

?21 TimX; =0 vn €N

Y —Y;
B3 a0 1)y 50| ¢ =0 e |- 1
T ¢ =0

(YY) =True
x}',CiEO l:]_,,g

Y; € {True, False} Non linear term

———

-~

F—__—

[

3
|
|

|
~ s

—_ e -

Intermediate

storage
tank?
V=2

Stage j Stage j+1
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Results: The algorithm solves GDP generally faster for
the 36 instances in which it was tested

Problems % of problems solved vs. time for all test instances

solved
[00%
%% _
a:)% -
70%
é{)% _

—#+— Algorithm
—o— (BM)
—i— (HR)

O% I T T T T T T T T T T T T T

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 55~ €000 €500 7000 7500
Time (s)

In larger instances the algorithm generally

In smaller instances the presolve can take as performs better than (BM) and (HR)

much time as solving the MINLP, so the
algorithm is slower than direct (BM) or (HR)

Note: MINLP problems solved with SBB/CONOPT. MILP solved with Gurobi (Pre-solve and cuts deactivated in
solver for comparison purpose), in a 2.93 GHz Processor, Intel® Core™ i7. 4GB of RAM.
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Results: MINLP after algorithm provides stronger
relaxations

Percentage of problems vs. continuous relaxation gap

% of
problems

100%

0%
802
702

== Algorithm
—&— (HR)

60% - —— (BM)

50e; 4
40°, |
309 |
20%
102
0%

0.00 0.05 0.10 Q.15 0.20 0.25 0.30 0.35 040 045 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00

Continuous relaxationgap

Note: MINLP problems solved with SBB/CONOPT. MILP solved with Gurobi (Pre-solve and cuts deactivated in
solver for comparison purpose), in a 2.93 GHz Processor, Intel® Core™ i7. 4GB of RAM.
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Results: MINLP size generally smaller than (HR)

In smaller instances the
algorithm and (HR) have
similar problem sizes
% of
problems

Percentage of problems vs. number of constraints

[00% e — ——

S0%
80%
70%

—o— (BM)
60%

== Algorithm
50% 1

—— (HR)

In larger instances the algorithm
tends to generate smaller MINLPs

0 1,000 2,000 3,000 4000 5,000 6000 7.000 8,000 9,000
Number of constraints

Note: MINLP problems solved with SBB/CONOPT. MILP solved with Gurobi (Pre-solve and cuts deactivated in
solver for comparison purpose), in a 2.93 GHz Processor, Intel® Core™ i7. 4GB of RAM.

10,000



Conclusions 9&

-Proposed an extension of disjunctive programming theory to nonlinear
convex sets that yields hierarchy of relaxations (concept basic steps)

-Tightest of these relaxations allows in theory the solution of the DP
as an convex NLP

- Applied the proposed framework to several instance obtaining
significant improvements in the performance (tighter lower bounds)

- Proposed framework can be applied to nonconvex GDP problems
yielding tighter lower bounds on global optimum (bilinear, concave,
linear fractional) and can be extended to nonlinear convex envelopes

-Work currently underway to automate reformulation of convex
GDP problems into MI(N)LP using concept basic steps
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